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We investigate the uniqueness of the Schwarzian from a group theoretic point of
view. The Kummer]Schwarz equation, obtained from the Schwarzian, is also
Žanalysed for its group properties. Related equations arising in the study of
.geodesic curves on a surface of constant curvature are constructed. These equa-
tions are generalised by reducing the symmetry imposed. The unique generalisation
is linearised under a nonlocal contact transformation. Q 1999 Academic Press
1. INTRODUCTION
The Schwarzian derivative
2Z Yy x 3 y xŽ . Ž .
 4y , x s y 1.1Ž .X Xž /y x 2 y xŽ . Ž .
wplays an important role in the treatment of univalent functions 15, 9, 22,
x w10 . It is also pivotal in the Painleve analysis of differential equations 23,Â
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x3 . Treated as an equation, ¤iz.
2Z Yy x 3 y xŽ . Ž .
y s f x , 1.2Ž . Ž .X Xž /y x 2 y xŽ . Ž .
Ž .1.1 is one of the three equivalent fundamental ordinary differential
Žequations the others are the Riccati equation
yX q y2 s f x 1.3Ž . Ž .
and the second-order Sturm]Liouville equation,
yY q f x y s 0, 1.4Ž . Ž .
.when written in self-adjoint form which possess a fundamental uniqueness
w xproperty 3 . In the case of the Schwarzian, this property is that it is the
w xunique elementary homographic differential invariant of y 10 , i.e., the
Ž .unique elementary function of the derivatives of y but not of y invariant
Ž Ž ..under the six parameter group H or Mobius group or PSL 2, C ofÈ
homographic transformations
ay q b
H : y “ , 1.5Ž .
cy q d
where a, b, c, and d are complex constants and ad y bc s 1. According to
w x w x Ž . Ž .Conte 3 it has been known for some time 16, p. 230 that 1.2 , 1.3 , and
Ž .1.4 are equivalent, i.e., it is sufficient to integrate one to integrate the
other two. It appears that the connection was already known to Lie in 1884
w x12, p. 171 .
Ž . Ž .When f x in 1.2 is taken at zero, the resulting equation, ¤iz.
2 yX yZ y 3 yY 2 s 0 1.6Ž .
is known as the Kummer]Schwarz equation. This equation is also encoun-
tered in the study of geodesic curves in spaces of constant curvature and
w x w xLie 12, p. 148 lists the characteristic functions 11, p. 404 for its ten
Ž .contact symmetries. The Lie point symmetries of 1.6 have the six-dimen-
Ž . Ž .sional algebra s l 2, R [ s l 2, R , whereas
yZ s 0 1.7Ž .
Ž Ž .. Ž .has the seven-dimensional algebra A [ s l 2, R [ 3 A and so 1.61 s 1
Ž .and 1.7 do not belong to the same equivalence class under point
Ž wtransformations. We use the Mubarakzyanov classification scheme 18, 17,
x19 . Thus 3 A denotes the three element abelian algebra and A the1 2
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.two-element nonabelian algebra. However, both do have ten contact
symmetries. The algebra in both cases has recently been identified as
Ž . Ž . Ž .sp 4 , i.e., 1.6 and 1.7 belong to the same equivalence class under
w xcontact transformations 1 .
An interesting feature of a third-order ordinary differential equation
with six point symmetries is that the algebra cannot be a subalgebra of the
Ž . w xalgebra of the point symmetries of 1.7 14 which is in complete contrast
to the case of second-order ordinary differential equations for which every
Ž . w xalgebra is a subalgebra of the maximal algebra, s l 3, R 13 . Equation
Ž .1.6 is a special case of the general third-order ordinary differential
w xequation for a geodesic curve on a surface 12, p. 136 , ¤iz.
2 yX yZ y 3 yY 2 q AyX 2 y ByX 4 s 0. 1.8Ž .
Ž .For constants A and B, 1.8 may, by suitable rescaling of the variables, be
written as one of the standard forms
2 yX yZ y 3 yY 2 y 4 yX 2 s 0, 1.9Ž .
2 yX yZ y 3 yY 2 y 4 yX 2 q 4 yX 4 s 0, 1.10Ž .
2 yX yZ y 3 yY 2 q 4 yX 4 s 0, 1.11Ž .
Ž . Ž .when not both A and B are zero. Equation 1.11 is equivalent to 1.6
Ž .under a point transformation since it also has the algebra s l 2, R [
Ž .s l 2, R of its point symmetries, but one of the representations is differ-
Ž . Ž . Ž .ent. It would seem that 1.9 and 1.10 are not equivalent to 1.6 under a
point transformation since the algebras of their point symmetries are
Ž . Ž . Ž . Ž . Ž .so 2, 1 [ s l 2, R and so 2, 1 [ so 2, 1 , respectively. As s l 2, R and
Ž .so 2, 1 are isomorphic such a transformation does exist. However, for the
purposes of this article we will maintain the distinction. This convention
Žsimplifies the analysis in Section 4. It is easy if one uses a symbolic
w x. Ž .manipulation code such as the program LIE 8 to show that 1.9 and
Ž . Ž .1.10 have ten contact symmetries with the algebra sp 4 . Thus they are
Ž .equivalent to 1.7 under contact transformation. The transformations have
w xbeen given by Abraham-Shrauner et al. 1 .
Ž . Ž . Ž . Ž .That 1.6 , 1.7 , 1.9 , and 1.10 belong to the same equivalence class
Ž .under contract transformation and the uniqueness of 1.2 raises a number
of questions which we address in this article. The first is to demonstrate
Ž .the uniqueness of 1.2 by construction from the elements of the point
Ž .algebra s l 2, R which, we will show, generates the finite Mobius transfor-È
Ž w x .mation. Our approach differs significantly from that in 10 . Thereafter
we consider the existence of higher order equations invariant under the
Ž . Ž . Ž . Ž . Ž . Ž .algebras s l 2, R [ s l 2, R , so 2, 1 [ s l 2, R , and so 2, 1 [ so 2, 1
by construction.
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Ž . Ž . Ž .Departing from the geometric origins of 1.6 , 1.9 , and 1.10 we
consider equations invariant under subalgebras of the three six-dimen-
sional algebras of dimensions four and five. We find the single family of
equations
yX yZ q n y 1 yY 2 s 0, 1.12Ž . Ž .
where n is any number, which we have called the generalised
Ž .Kummer]Schwarz equation. We demonstrate the linearisation of 1.12 by
w x Ž .nonlocal contact transformation 6 to 1.7 .
2. UNIQUENESS OF THE SCHWARZIAN
Our fist aim in this section is to demonstrate via Lie algebraic means the
uniqueness of the Schwarzian as the invariant of the Mobius transforma-È
Ž . Ž .tion 1.5 . We take the realisation of the Lie algebra s l 2, R , ¤iz.
›
G s ,1 › y
›
G s y ,2 › y
2.1Ž .
›
2G s y .3 › y
In order to determine the finite transformation from the generator of the
infinitesimal transformation
› ›
G s j q h 2.2Ž .
› x › y
w xit is necessary to integrate 21
dx dy
s s da 2.3Ž .
j h
subject to the initial conditions
x s x y s y 2.4Ž .
at a s 0.
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In the case of G , G , and G the finite transformations are1 2 3
x s x y s y q a, 2.5Ž .
ax s x y s ye , 2.6Ž .
and
y
x s x y s , 2.7Ž .
1 y ay
Ž . Ž .respectively. Combining 2.5 ] 2.7 we obtain the single finite transforma-
tion
y q a1
x s x y s 2.8Ž .
a y q a2 3
Ž . Ž .which is 1.5 again. Hence invariance under 2.1 is equivalent to invari-
Ž .ance under the Mobius transformation, i.e., the symmetries 2.1 generateÈ
the Mobius transformation.È
We recall that an nth-order differential equation
E x , y , yX , . . . , y Žn. s 0 2.9Ž .Ž .
is invariant under
› ›
G s j q h 2.10Ž .l › x › y
if
Gw nxE s 0, 2.11Ž .l < Es 0
w nx w xwhere G is the nth extension of G given by 14l l
k iy1 ›iw nx Ž i. Ž jq1. Ž iyj.G s G q h y y j . 2.12Ž .Ý Ýl l l l Ž i.ž /½ 5j › yis1 js0
G is its own extension and implies that E is free of y. The nth1
extension of G is2
› › ›
Xw nx Žn.G s y q y q ??? qy 2.13Ž .X2 Žn.› y › y › y
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which has the associated Lagrange's system
dx dy dyX dyŽn.
s s s ??? s . 2.14Ž .X Žn.0 y y y
The characteristics associated with G are obtained from the solution of2
Ž .2.14 and are
yY yZ y Žn.
u s x , u s , u s ??? u s . 2.15Ž .X X X0 1 2 ny1y y y
E is now
E u s 0. 2.16Ž . Ž .i
In a similar manner we find the first few characteristics of G as3
yZ 3 yY 2 y i¤ 4 yY yZ 3 yY 3
¤ s x ¤ s y ¤ s y qX X0 1 2X 2 X 2 X 3y 2 yy y y
2.17Ž .
y¤ 5 yY y i¤ 5 yY 2 yZ
¤ s y q , . . . .X3 X 2 X 3y y y
Ž .The general form of the nth-order equation invariant under 2.1 is
E ¤ s 0, 2.18Ž . Ž .i
or equivalently
N ¤ s f x , i s 1, . . . , n. 2.19Ž . Ž . Ž .i
Ž . Ž .At the third-order level 2.19 is 1.2 . While it is obvious that, if ¤ s S,1
¤ s SX , ¤ s SY q 4S2 , 2.20Ž .2 3
where the X denotes differentiation with respect to x, it remains to show
explicitly that the ¤ can be expressed in terms of S.i
Ž .We observe that x is always a characteristic of 2.1 . To find the
Žcharacteristics of G it is sufficient to determine the zeroth order in this3
. Ž .case x and first differential invariant in this case Schwarzian . The
remaining characteristics will be derivable from these two by differentiat-
ing the first differential invariant with respect to the zeroth-order differen-
tial invariant. It is straightforward to conclude that the ¤ are expressiblei
Ž . Žin terms of S. This proves that all invariants of 2.1 or the MobiusÈ
.transformation are derivable from the Schwarzian, i.e., the Schwarzian is
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the unique elementary homographic differential invariant. We note that
this homographic transformation is a special case of the general homo-
graphic transformation, in which the constants are replaced by functions of
w xx, under which the Painleve Property is preserved 2 .Â
3. REPRESENTATIVE EQUATIONS
Ž .While it is known that the Schwarzian is invariant under 2.1 it is of
Ž .interest to determine the other symmetries of 1.2 . A routine calculation
w x Ž . Ž .using LIE 8 shows that 1.2 has, in addition to 2.1 , the three Lie point
symmetries
›
U s a ,1 1 › x
›
U s a ,2 2 › x
3.1Ž .
›
U s a ,3 3 › x
where the a are linearly independent solutions ofi
Z X 1 Xa q fa q f a s 0. 3.2Ž .2
Ž .Equation 3.2 is the normal form for a third-order equation possessing
w xmaximal symmetry 14 and so is transformable to
Y Z s 0 3.3Ž .
 24under a point transformation. This transforms the a to 1, x, x resultingi
Ž .in 3.1 becoming
›
G s ,1 › x
›
G s x ,2 › x
3.4Ž .
›
2G s x .3 › x
We note that the transformation will, of necessity, involve solutions of
Ž . Ž .3.2 . As these solutions will depend on the arbitrary function f x the
UNIQUENESS OF THE SCHWARZIAN 91
transformation is essentially an arbitrary change of x. The symmetries
Ž .3.4 , together with
›
G s ,4 › y
›
G s y ,5 › y
3.5Ž .
›
2G s y ,6 › y
Ž . Ž .form the Lie algebra s l 2, R [ s l 2, R . The third-order equation invari-
Ž . Ž . Ž .ant under 3.4 and 3.5 is 1.6 . Thus, with no loss of generality, we can
Ž .concentrate on the simpler equation 1.6 .
Our next aim is to investigate whether higher order equations
E x , y , yX , . . . , y Žn. s 0 3.6Ž .Ž .
Ž . Ž .with the Lie algebra s l 2, R [ s l 2, R exist and to discover if the
simplicity of expression is maintained under an arbitrary change of inde-
pendent variable.
Clearly G and G imply that only derivatives are permitted as argu-1 4
ments for E. The effective extensions of the remaining four operators are
› › › › ›
X Y Zw nx i¤ ¤G s y y q 2 y q 3 y q 4 y q 5 y q ??? ,X Y Z2 eff ¤i¤› y 2 y › y › y› y
3.7Ž .
› › ›
X X Zw nxG s y 2 x y q 2 y q 3 yX Y Z3 eff ½ › y › y › y
› ›
i¤ ¤q4 y q 5 y q ???¤I¤ › y› y
› › › ›
X Y Z i¤q2 y q 3 y q 6 y q 10 y q ??? , 3.8Ž .Y Z ¤i¤ 5› y › y › y› y
› › › › ›
X Y Zw nx i¤ ¤G s y q y q y q y q y q ??? 3.9Ž .X Y Z5 eff ¤i¤› y › y › y › y› y
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› › › › ›
X Y Zw nx i¤ ¤G s 2 y y q y q y q y q y q ???X Y Z6 eff ¤i¤› y › y › y › y› y
› › ›
X 2 X Y X Z Y 2q 2 y q 3 y y q 4 y y q 3 yŽ .Y Z i¤› y › y › y
›
X Y Zi¤q 5 y y q 10 y y q ??? . 3.10Ž .Ž . ¤› y
Ž . Ž .We rearrange 3.7 ] 3.10 as follows:
X s Gw nx1 5 eff
› › › › ›
X Y Z i¤ ¤s y q y q y q y q y q ??? , 3.11Ž .X Y Z ¤i¤› y › y › y › y› y
X s yGw nx y Gw nx2 5 eff 2 eff
› › › ›
Y Z i¤ ¤s y q 2 y q 3 y q 4 y q ??? , 3.12Ž .Y Z ¤i¤› y › y › y› y
1 w nx w nxX s G y xG3 3 eff 2 eff2
› › › ›
X Y Z i¤s y q 3 y q 6 y q 10 y q ??? , 3.13Ž .Y Z ¤i¤› y › y › y› y
1 Xw nx w nxX s G y G y y X4 6 eff 5 eff 32
› ›
X Z Y 2 X Y Zi¤s y2 y y q 3 y q y5y y q 10 y y q ??? . 3.14Ž .Ž .Ž . ¤i¤ › y› y
We note that X has no effect on an equation of order less than the4
fourth. The differential invariants of X are1
yY yZ y i¤ y¤
u s , u s , u s , u s ??? . 3.15Ž .X X X X1 2 3 4y y y y
One could equally choose
yY yZ y i¤
u s , u s , u s ??? . 3.16Ž .X Y Z1 2 3y y y
This is due to the entirely arbitrary nature of the choices of the character-
Ž .istics. We have found 3.15 to be the most suitable choice for our
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purposes. In terms of the characteristics u ,i
› › › ›
X s u q 2u q 3u q 4u q ??? , 3.17Ž .2 1 2 3 4› u › u › u › u1 2 3 4
› › › ›
X s q 3u q 6u q 10u q ??? , 3.18Ž .3 1 2 3› u › u › u › u1 2 3 4
› ›
X 2X s yy 2u y 3u q 5u y 10u u q ??? . 3.19Ž . Ž .Ž .4 2 1 3 1 2› u › u3 4
Ž .The invariants of X from 3.17 are2
u u u2 3 4¤ s , ¤ s , ¤ s ??? 3.20Ž .1 2 32 3 4u u u1 1 1
and, in terms of the characteristics ¤ , the remaining symmetries arei
1 › ›
3X s y 2 ¤ y q 3 ¤ y 2¤Ž .Ž .3 1 2 12u › ¤ › ¤1 1 2
›
5q4 ¤ y ¤ q ??? , 3.21Ž .Ž .3 22 › ¤ 3
Xy › ›
X s y 2¤ y 3 q 5 ¤ y 2¤ q ??? . . 3.22Ž . Ž . Ž .4 1 2 1u › ¤ › ¤1 2 3
Ž .The invariants of 3.21 are not pleasant functions of the ¤ and it isi
Ž .better to first calculate those of 3.22 which are
25 ¤ y 2¤Ž .2 1
w s ¤ w s ¤ y ??? 3.23Ž .1 1 2 3 2 2¤ y 31
Ž .and, in terms of the characteristics w 3.21 , becomesi
1 › ›
X s y 2w y 3 q 4w y 20w q ??? . 3.24Ž . Ž . Ž .3 1 2 1u › w › w1 1 2
The first characteristic is obtained from
dw dw1 2s 3.25Ž .
2w y 3 4w y 20w1 2 1
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and is
15w y 10w q1 1 2
z s . 3.26Ž .1 22w y 3Ž .1
ŽTo obtain the fifth-order equation obviously higher order equations are
. Ž . Ž .possible invariant under 3.4 ] 3.5 we set z s k to obtain1
2X 3 X Z Y 2 X 2 X Y Z Y 4 X Z Y 2¤ i¤2 y y 2 y y y 3 y y 5 y y y 2 y y y q 15y 2 y y y 3 yŽ . Ž . Ž .
3Y 2 X Z X Z Y 2 X Z Y 2y 20 y y y 2 y y y 3 y s 2k 2 y y y 3 y . 3.27Ž .Ž . Ž .
We remark that there does not exist a fourth-order equation invariant
Ž . Ž . Ž . Ž .under the representation 3.4 ] 3.5 of s l 2, R [ s l 2, R .
Ž . Ž .If we denote the Schwarzian derivative 1.1 by S, 3.27 can be ex-
pressed as
16S3 y 5SX 2 q 4SSY s 8kS3 3.28Ž .
which, with a suitable definition of k , is1
SY 5 SX 2
y s k S. 3.29Ž .12S 4 S
Ž .Equation 3.28 again underscores the uniqueness of the Schwarzian.
Under an arbitrary change of independent variable, ¤iz.
x “ a x 3.30Ž . Ž .
Ž .3.27 can be written as
16S3 y 5SX 2 q 4SSY y 24 A3 y 5 AX 2 q 4 AAY q 64 A2S y 4 AZA
3Y Y Y2y 56 A9 A q 10 A S y 4 AS s 8k S y A , 3.31Ž . Ž .
Ž .where A is the Schwarzian derivative of a x . While the Schwarzian
Ž .maintains its structure under 3.30 , i.e., it can be expressed as a collection
of derivatives of y which is equal to a function of x, we observe that no
similar elegant result holds for its fifth-order equivalent. We cannot use k
to remove all of the offending terms in the expression.
Ž . Ž .The six-element agebra so 2, 1 [ s l 2, R can be represented by
› ›
G s , G s ,1 4› x › y
› ›
G s sin x , G s y ,2 5› x › y
3.32Ž .
› ›
2G s cos x , G s y .3 6› x › y
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Ž . Ž .As in the case of 3.4 ] 3.5 we can combine the extensions of G , G , G ,2 3 5
Ž .and G to obtain the effective operators on 3.6 after x and y have been6
eliminated to be
› › › › ›
X Y Z i¤ ¤Y s y q y q y q y q y q ??? , 3.33Ž .X Y Z1 ¤i¤› y › y › y › y› y
› › ›
Y Z X Yi¤Y s y q 2 y y y q 3 y y 4 yŽ . Ž .Y Z2 i¤› y › y › y
›
Z X¤q 4 y y 10 y q y q ??? , 3.34Ž . Ž .¤› y
› › › ›
X Y Z X Yi¤Y s y q 3 y q 6 y y y q 10 y y 5 y q ??? ,Ž . Ž .Y Z3 ¤i¤› y › y › y› y
3.35Ž .
›
X Z Y 2 X 2Y s y2 y y q 3 y q yŽ .4 i¤› y
›
X Y Z X Yi¤q y5y y q 10 y y q 5 y y q ??? . 3.36Ž .Ž . ¤› y
Y gives the invariants1
yY yZ y i¤ y¤
u s , u s , u s , u s ??? . 3.37Ž .X X X X1 2 3 4y y y y
Y gives the invariants2
2u y 1 u y 2u 2u y 10u q 32 3 1 4 2¤ s , ¤ s , ¤ s ??? . 3.38Ž .1 2 32 3 4u u u1 1 1
Ž . Ž .As in the case of s l 2, R [ s l 2, R it is better to use Y before Y . It4 3
gives the invariants
25 ¤ y ¤Ž .2 1
w s ¤ , w s ¤ y ??? . 3.39Ž .1 1 2 3 ¤ y 31
Finally, Y gives the invariants3
w y 10w q 151 1
z s ??? . 3.40Ž .1 2w y 3Ž .1
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Ž .Equation 1.9 , up to rescaling in x and y, is the third-order representa-
tive of this class of equation. Again there is no fourth-order representative.
The fifth-order representative is given by
z s k , 3.41Ž .1
Ž .where k is a constant. In the case that k s 0, 3.41 is
2 yX 3 y¤ y 10 yX 3 yZ q 3 yX 4 y 20 yX yY 2 yZ q 10 yX 2 yY 2 q 15 yY 4Ž .
2X Z X 2 Y 2 X 2 X Y Z X 2 Yi¤= 2 y y y y y 3 y y 5 y y y 2 y y y y y y s 0. 3.42Ž .Ž . Ž .
w xAnalysis of this equation for contact symmetries, using the program LIE 8 ,
Ž .shows that it possesses the equivalents of the six point symmetries 3.32
only. In terms of S, where
yZ 3 yY 2 1
S s y y , 3.43Ž .X X 2y 2 2y
Ž .3.42 is
Y X 2S 5 S
y s k S. 3.44Ž .124S S
Ž . Ž .The algebra so 2, 1 [ so 2, 1 can be represented by
› ›
G s , G s ,1 4› x › y
› ›
G s sin x , G s sin y ,2 5› x › y
3.45Ž .
› ›
G s cos x , G s cos y .3 6› x › y
Ž .G and G eliminate x and y from 3.6 and the effective operators are1 2
› › › ›
X Y Z X Yi¤Z s y q 2 y q 3 y y y q 4 y y 4 yŽ . Ž .X Y Z1 i¤› y › y › y › y
›
Z X¤q 5 y y 10 y q y q ??? , 3.46Ž . Ž .¤› y
› › › ›
X Y Z X Yi¤Z s y q 3 y q 6 y y y q 10 y y 5 y q ??? ,Ž . Ž .Y Z2 ¤i¤› y › y › y› y
3.47Ž .
›
X Z Y 2 X 4 X 2Z s y2 y y q 3 y y y q yŽ .3 i¤› y
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›
X Y Z X 3 Y X Yi¤q y5y y q 10 y y y 10 y y q 5 y y q ??? . 3.48Ž .Ž . ¤› y
› › ›
Y Z X X 3 Y X 2 Yi¤Z s y q 2 y y y q y q 3 y y 4 y q 6 y yŽ . Ž .Y Z4 i¤› y › y › y
›
Z X X 2 Z X Y 2 X 5¤q 4 y y 10 y q y q 10 y y q 15y y y y q ??? , 3.49Ž .Ž . ¤› y
The invariants of Z are1
yY 2 yZ y yX y i¤ y 2 yY
u s , u s , u s ,1 2 3X 2 X 3 X 4y y y
3.50Ž .Z X3¤y y 5 y q y2
u s ??? .4 X 5y
The invariants of Z are2
¤ s u y 3u2 , ¤ s u y 3u u q 6u3 ,1 2 1 2 3 1 2 1
3.51Ž .
452 4¤ s u y 10u u q 15u u y u ??? .3 4 1 3 1 2 12
The invariants of Z are4
w s ¤ , w s 2 ¤ q 1 ¤ y 5¤ 2 ??? . 3.52Ž . Ž .1 1 2 1 3 2
The invariants of Z are3
2w q 5 w q 1 y 3 w q 1Ž . Ž .2 1 1
z s ??? . 3.53Ž .1 3w q 1Ž .1
Ž .The third-order equation invariant under 3.45 is
¤ s 0 3.54Ž .1
Ž . Ž .which is just 1.10 up to a rescaling of x and y . There is no fourth-order
Ž .equation with the symmetries 3.45 . The fifth-order equation is
z s k , 3.55Ž .1
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Ž .where k is a constant. In the case that k s 0, 3.41 is
X 3 X 2 Z X 5 X Y 2 Z X 3 X¤y 2 y q 10 y y q 2 y q 15 y y y 10 y y 5 y q 3 y
X Z X 4 X 2 Y 2= 2 y y q y y y y 3 y
2X 2 X X 3 Y Y Z X Yi¤y5y y y q 2 y y y 2 y y y y y
Y 2 X Z Y 2 X 4 X 2 X Z Y 2 X 4 X 2y5y 2 y y y 3 y q y y y 4 y y y 3 y y 2 y y 2 y s 0.
3.56Ž .
As expected this equation has no contact symmetries which are not
extensions of point symmetries. There are only the six symmetries listed in
ÃŽ .3.45 . In terms of S, where
yZ 3 yY 2 1 1
X 2ÃS s y q y y , 3.57Ž .X X 2y 2 2 2y
Ž .3.56 is
ÃY ÃX 2S 5 S Ãy s k S. 3.58Ž .12Ã Ã4S S
Ž .We conclude that hierarchies of the Kummer]Schartz equation, 1.6 ,
Ž . Ž .can be easily constructed using the Lie algebra s l 2, R [ s l 2, R in the
Ž . Ž .representation 3.4 ] 3.5 . In a similar manner the closely related equa-
Ž . Ž . Ž . Ž . Ž . Ž .tions 1.9 and 1.10 with the so 2, 1 [ s l 2, R and so 2, 1 [ so 2, 1
algebra, respectively, are also seen to be the basic equations in hierarchies.
No fourth-order equation exists in any of these hierarchies.
Ž . Ž . Ž .Since 1.6 , 1.9 , and 1.10 are equivalent under contact transformation
Ž .to 1.7 , it is of interest to determine the relationship of the symmetries of
Ž . Ž . Ž . Ž .1.7 to those of 1.6 , 1.9 , and 1.10 . The standard representation of the
Ž .ten contact symmetries of 1.7 is
›
G s ,1 › y
› ›
G s x q ,X2 › y › y
› ›
2G s x q 2 x ,X3 › y › y
›
G s ,4 › x
› ›
G s x q y ,5 › x › y
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› › ›
2G s x q 2 xy q 2 y ,X6 › x › y › y
3.59Ž .
› ›
XG s y q y ,X7 › y › y
› 1 ›
X X 2G s y q y ,8 › x 2 › y
› › ›
X X 2 X 2G s 2 xy y y q xy q y ,Ž . X9 › x › y › y
› 1 › ›
X X 2 X 2 X2 2 2G s x y y 2 xy q x y y 2 y q xy y 2 yy ,Ž . Ž . X10 ž /› x 2 › y › y
Ž .in which the symmetries are listed in the standard 3 A , s l 2, R , A , and1 1
Ž . w x3 A decomposition of sp 4 1 . Note that G ]G are the irreducible1 8 10
Ž .contact symmetries in that, in the coordinate representation used for 1.7 ,
they cannot be obtained as the first extension of a point symmetry.
Ž . Ž . Ž .Under a contact transformation 1.6 , 1.9 , and 1.10 can be trans-
Ž . w xformed into 1.7 1 . We denote the ten contact symmetries of each X , Y ,i i
Ž .and Z , i s 1, 10, respectively. We do not use the ordering of 3.59 , buti
list them as the point symmetries followed by the four irreducible contact
symmetries. For the Kummer]Schwarz equation we have
›
X s ,1 › x
› ›
XX s x y y ,X2 › x › y
› ›
X2X s x y 2 xy ,X3 › x › y
›
X s ,4 › y
› ›
XX s y q y ,X5 › y › y
› ›




Xy1r2 XX s 2 y y y ,7 › x › y
› › ›
Xy1r2 X XX s 2 y x y xy y 2 y ,X8 › x › y › y
› › ›
Xy1r2 X X 2X s 2 y y y yy y y ,X9 › x › y › y
› › ›
Xy1r2 X X XX s 2 y xy y xyy y 2 y xy q y ,Ž . X10 › x › y › y
Ž .for 1.9 we have
›
Y s ,1 › x
1 › ›
XY s sin 2 x y y cos 2 x ,X2 2 › x › y
1 › ›
XY s cos 2 x q y sin 2 x ,X3 2 › x › y
›
Y s ,4 › y
› ›
XY s y q y ,X5 › y › y
› ›
X2Y s y q 2 yy ,X6 › y › y
3.61Ž .
› › ›
Xy1r2 X XY s 2 y cos x y y q 2 y sin x ,X7 ž /› x › y › y
› › ›
Xy1r2 X XY s 2 y sin x y y y 2 y cos x ,X8 ž /› x › y › y
› › ›
Xy1r2 X X XY s 2 y y cos x y y y 2 y y cos x y y sin x ,Ž . X9 ž /› x › y › y
› › ›
Xy1r2 X X XY s 2 y y sin x y y y 2 y y sin x q y cos x ,Ž . X10 ž /› x › y › y
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Ž .and for 1.10 we have
›
Z s ,1 › x
1 › ›
XZ s sin 2 x y y cos 2 x ,X2 2 › x › y
1 › ›
XZ s cos 2 x q y sin 2 x ,X3 2 › x › y
›
Z s ,4 › y
1 › ›
XZ s sin 2 y q y cos 2 y ,X5 2 › y › y
1 › ›
XZ s cos 2 y y y sin 2 y ,X6 2 › y › y
› ›
Xy1r2 XZ s 2 y sin x cos y y y7 ž /› x › y
›
X Xq2 y y sin x sin y y cos x cos y ,Ž . X› y
› ›
Xy1r2 XZ s 2 y cos x cos y y y8 ž /› x › y
›
X Xq2 y y cos x sin y q sin x cos y ,Ž . X› y
› ›
Xy1r2 XZ s 2 y sin x sin y y y9 ž /› x › y
›
X Xy2 y y sin x cos y q cos x sin y ,Ž . X› y
› ›
Xy1r2 XZ s 2 y cos x sin y y y10 ž /› x › y
›
X Xy2 y y cos x cos y y sin x sin y . 3.62Ž . Ž .X› y




Connection between the contact symmetries of the equations when transformed to the
ZŽ .representative equation of sp 4 , y s 0
Z X Z Y 2 X Z Y 2 X 2 X Z Y 2 X 2 X 4y s 0 2 y y y 3 y s 0 2 y y y 3 y s 4 y 2 y y y 3 y s 4 y y 4 y
1 1G X Y y Y Z q Z1 3 1 3 1 32 2
1 1 1G y X y Y Z2 10 10 104 4 4
1G yX yY Z y Z3 6 6 6 42
1 1 1G X y Y y Z4 8 8 82 2 2
G X y X Y y Y Z q Z5 5 2 5 2 2 5
1 1 1G X y Y Z6 9 9 92 2 2
G yX y X yY y Y Z y Z7 2 5 2 5 2 5
G 2 X 2Y Z q 2Z8 4 4 4 6
G X Y Z9 7 7 7
1G y2 X y Y y Y yZ q 2Z10 1 1 3 1 32
Ž . Ž . Ž .We note that the point symmetries of 1.6 , 1.9 , and 1.10 map to
Ž .different symmetries of 1.7 thereby validating the treatment of the three
six-dimensional algebras separately.
4. GENERALISATIONS
A way to obtain more general forms of the Kummer]Schwarz equation
Ž . ŽŽ . Ž ..1.6 and related equations 1.9 and 1.10 is to reduce the degree of
Ž .symmetry imposed. Although so 2, 1 can only have a single element as a
Ž .subalgebra, A , s l 2, R can have A as well. Hence, one can consider1 2
Ž . Ž .both four- and five-dimensional subalgebras of s l 2, R [ s l 2, R and
Ž . Ž . Ž .so 2, 1 [ s l 2, R , but only a four-dimensional subalgebra for so 2, 1 [
Ž . Žso 2, 1 . Equations invariant under the lower dimensional algebras can be
w x . Ž . Ž Ž ..found in 5 . It is so 2, 1 [ A equally A [ so 2, 1 for which1 1
› › › ›
G s , G s sin x , G s cos x , G s 4.1Ž .1 2 3 4› x › x › x › y
Ž .is a representation. The third-order equation invariant under 4.1 is
2 yX yZ y 3 yY 2 s yX 2 q kyX 4 4.2Ž .
Ž .which, up to some trivial rescaling, is simply 1.10 . When the other
Ž .representation is used effectively an x l y interchange , the equation is
2 yX yZ y 3 yY 2 s kyX 2 y yX 4, 4.3Ž .
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Ž . Ž .which is again 1.10 . Thus, the number of point symmetries of 4.2 and
Ž .4.3 is not four, by six.
Ž .The five-dimensional algebras are so 2, 1 [ A , ¤iz.2
› › › ›
G s , G s sin x , G s cos x , G s ,1 2 3 4› x › x › x › y
4.4Ž .
›
G s y ,5 › y
Ž .and s l 2, R [ A , ¤iz.2
› › › › ›
2G s , G s x , G s x , G s , G s y .1 2 3 4 4› x › x › x › y › y
4.5Ž .
Ž . Ž .The equations invariant under 4.4 and 4.5 are, respectively,
2 yX yZ y 3 yY 2 s yX 2 4.6Ž .
and
2 yX yZ y 3 yY 2 s 0, 4.7Ž .
Ž . Ž .i.e., 1.9 and 1.6 . The five-dimensional algebras are subalgebras of the
full algebras of the equations.
Ž . Ž .There are two four-dimensional subalgebras of s l 2, R [ s l 2, R .
Ž .The first is s l 2, R [ A , ¤iz.1
› › › ›
2G s , G s x , G s x , G s 4.8Ž .1 2 3 4› x › x › x › y
and the second is A [ A , ¤iz.2 2
› › › ›
G s , G s x , G s , G s y . 4.9Ž .1 2 3 4› x › x › y › y
Ž .The equation invariant under 4.8 is
2 yX yZ y 3 yY 2 s kyX 4 , k / 0 4.10Ž .
Ž . Ž .which is 1.11 up to the usual trivial rescaling and is equivalent to the
Ž . Ž .Kummer]Schwarz equation 1.6 . The four symmetries listed in 4.8 are a
subset of the full set of point symmetries. The equation invariant under
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Ž .4.9 is
yX yZ q n y 1 yY 2 s 0, 4.11Ž . Ž .
Ž .where n is a parameter. When 4.11 is analysed for contact symmetries,
1we find that for n / y , 1, in addition to the four symmetries listed in2
Ž .4.9 , there is the irreducible contact symmetry
yX n › yX nq1 ›
G s q , n / 0, y15 ž / ž /n › x n q 1 › y
› ›
X XG s log y q y , n s 05 › x › y
4.12Ž .
1 › ›
XG s y log y , n s y1.X5 y › x › y
Ž .As 4.11 is the only equation invariant under an algebra which is a
four-dimensional subalgebra of all three six-dimensional algebras, and
noting that no third-order equation invariant under an algebra which is
Ž .one of the five-dimensional subalgebras exist, we call 4.11 the generalised
Kummer]Schwarz equation.
Ž .Equation 4.11 is the beginning of a hierarchy of equations invariant
Ž .under the four point symmetries of 4.9 and the irreducible contact
Ž .symmetry of 4.12 . In contrast with the Kummer]Schwarz and related
equations there does exist a fourth-order representative. It is
2X 2 Y X Z Y 2 Y 4i¤y y y y 3 y y q n y 1 y y 2n y 1 n y 1 y s 0. 4.13Ž . Ž . Ž . Ž .Ž .
Ž .When 4.13 is tested for symmetries it is found not to have the five
contact symmetries of construction, but six. In general the additional one
is
yX 5ny3 › yX 5ny2 ›
G s q . 4.14Ž .6 ž / ž /5n y 3 › x 5n y 2 › y
For a fifth-order equation constructed in a similar fashion there are two
additional irreducible contact symmetries. For n s 2 a representative of
the class of equations is
y¤ yY 2 yX 3 y 10 y i¤ yY yX 2 yX yZ q yY 2Ž .
3 2X Z Y 2 Y 2 X Z Y 2q 15 y y q y y y y y q yŽ . Ž .½
q2 yY 4 yX yZ q yY 2 q yY6 s 0. 4.15Ž .Ž . 5
UNIQUENESS OF THE SCHWARZIAN 105
The two additional contact symmetries are
yX 7q3 i › yX8q3 i ›
G s q 4.16Ž .6 ž / ž /7 q 3i › x 8 q 3i › y
and
yX 7y3 i › yX8y3 i ›
G s q . 4.17Ž .7 ž / ž /7 y 3i › x 8 y 3i › y
Ž .Equation 4.15 is a representative as the class of equations is given by
w s f w , 4.18Ž . Ž .2 1
where w is the fifth-order invariant, w the fourth-order invariant, and f2 1
is an arbitrary function of its argument. The general fourth-order equation
is
w s k , 4.19Ž .1
where k is a constant. The results quoted are for when k and f are set
Ž .equal to zero. In the case of the general fourth-order equation 4.19 a
nonzero value of k changes the value of the exponent in G . The seven6
symmetries of the fifth-order equation would not be expected to persist for
Ž .general nonconstant f for then symmetries of 4.18 have to be symmetries
of w and w separately. We observe that the third-, fourth-, and fifth-order1 2
equations possess the subalgebras 3 A , 4 A , and 5 A , respectively.1 1 1
5. LINEARISATION BY NONLOCAL
CONTACT TRANSFORMATION
Ž . Ž . Ž .Equations 1.6 , 1.9 , and 1.10 have been shown to be linearisable to
Ž . w x1.7 under contact transformation by Abraham-Shrauner et al. 1 . That
Ž .4.10 is linearisable by a contact transformation follows from it also
Ž .possessing the algebra sp 4 . With a sufficiently broad understanding of
w x Ž . Ž . Žsymmetry and transformation 7 , 4.11 can also be linearised to 1.7 . We
Ž . Ž .do not consider the case n s 1 for which 4.11 is equivalent to 1.7 with
X . Ž .y / 0. In the case of 4.11 the nonlocal transformation is transparent if
one writes the equation as
YX ny s 0. 5.1Ž .Ž .
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Let
X s x , Y s yX n dx ,H
m x s X , y s Y X1r n dX . 5.2Ž .H
Ž .Then 5.1 becomes
Y Z s 0 5.3Ž .
Ž .and so 4.11 has been linearised by the nonlocal contact transformation
Ž . Ž .5.2 . Naturally the Kummer]Schwarz equation 1.6 can also be linearised
1 Ž .in this manner with n s y . That 5.2 is a nonlocal contact transforma-2
w xtion follows from the fact that the characteristic function 12, p. 95 for the
transformation is
W s y yX n dx. 5.4Ž .H
Ž .In the case of n s 0, 4.11 is
YXlog y s 0. 5.5Ž . Ž .
Let
X s x , Y s log yX dx ,H
m x s X , y s eY X dX . 5.6Ž .H
Ž . Ž .Then 5.5 becomes 5.3 .
1Noting that n s y introduces more symmetries, the natural question2
Ž .to ask is whether other values of n also contribute to more or less
w xsymmetry. Using LIE 8 it is simple to discover that n s y2 is a further
Ž .special case. In this instance 4.11 possesses seven point and ten contact
Ž .symmetries and so is linearisable to 1.7 under a point transformation.
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